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Abstract. In the present paper, we consider Stancu type generalization of Baskakov-Kantorovich operators 
based on the q-integers and obtain statistical and weighted statistical approximation properties of these 
operators. Rates of statistical convergence by means of the modulus of continuity and the Lipschitz type 
function are also established for said operators. Finally, we construct a bivariate generalization of the 
operator and also obtain the statistical approximation properties. 


1. Introduction 


In the last decade, some new generalizations of well known positive linear operators based on (j-integers 
were introduced and studied by several authors. Our aim is to investigate statistical approximation prop¬ 
erties of a Stancu type q-Baskakov-Kantorovich operators. Firstly, Baskakov-Kantorovich operators based 
on (j-integers was introduced by Gupta and Radu in lll3l and they established some approximation results. 

Later, I. Buyiikyazici and Atakut |@| introduced a new Stancu type generalization of q-Baskakov opera¬ 
tors which is defined as 




k=0 


D\{(pn{^)) I 1 [k]q + q^-^a\ 

[k],l ^ [n], + [i )' 


( 1 ) 


where 0 < a < e (0,1), / e C[0, oo). 

Let {(pn] (w = 1/2,3,...), : ]R ^ ]R be sequence which satisfies following conditions: 

(i) (pn {n = 1,2,3,...) fc-times continuously (j-differentiable in any closed interval [0, A], where A > 0, 

(ii) (Pn{0) = l, (n = l,2,...). 
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(iii) for all x e [0, A] and (/c = 1,2,..n = 1,2,...), (-l)'^D^((^„(x)) > 0, 

(iv) there exist a positive integer m{n), such that 

D'l((p„(x)) = -[n]<,Dj“i(/)„(„)(x), (fc = 1,2,...; n = 1,2,...), 


(v) lim 


[m(n)], 


= 1 . 


We first start by recalling some basic definitions and notations of (^-calculus. We consider q as a real number 
satisfying 0 < q < 1. 

For each non negative integer n, we define the rj-integer [n]^ as 




i-?” ^ 1 

\-Cj ' 

n, q = l. 


The ^J-factorial is defined as 


[nV. = 


ir - 1 
We observe that 


[n] - 1 ],[m - 2],...[1],, M = 1,2,..., 


n = 0. 


n -1 i'^+x){l+qx)(l + q^x)...{l + q" '^x), n = l,2,..., 

— \ \ n = 0 


/q — V ^ 2 

Also, for any real number a, we have 


(l+x)“ = 




In special case, when a is a whole number, this definition coincides with the above definition. 
The rj-binomial coefficients are given by 


InV. 


kl^ [k],l[n-k],\ 


, 0 <k <n. 


The ^J-derivative D^/ of a function / is given by 

The rj-Jackson integral is defined as 

r PQ 

f{x)dc,x = (1 - q)a Y" f{aq")q", a>0. 

Over a general interval {a, h\, 0 < a <b, one defines 


r>b r>Cl 

f{x)d^x = I fix)dqx - I f{x)dc 

d 0 0 


X. 


Throughout the paper, we use e, the test functions defined by e,(f) := f, where i = 0,1,2. First we need the 
following auxiliary result. 


Let {(pn) be a sequence of real functions on 1R+ = [0, oo) which are fc-times continuously q-differentiable 
on ]R+ satisfying following conditions: 



Mishra et al. / Filomat xx (yyyy), zzz-zzz 


3 


(pi) cPn{0) = l, in = 1,2,...), 

(P 2 ) for k e No = N U {0) and n e N, (-l)*^D^((/)„(x)) > 0, x e R+, 
(po) there exist a positive integer ot(«), such that 

D^((|)„(x)) = -[n],Dj“i(/)„(„)(x), ik = l,2,...; n = l,2,...). 


Ma 




1 . 


Under the condition (pi) - (P 4 ), Atakut and 1. Biiyukyazici 
Stancu type £j-Baskakov-Kantorovich operators as follows 


defined a new generalization of 


£T'^\f-,q,x) = ([n], + 

k=o *■ -fera- 


[fc+l](j+^rt 

Flg+f 
[n]g+^ j 


where x G IR+, n G N, 0 < a < ^. 

To obtain the approximation results we need the following Lemmas in what follows. 


Lemma 1.1. 0/ be defined by Then the following identities hold 
£l'^’'^\eo-,q,x) = 

£n'^\ei-,q,x) = 


[n]q a 

ln]q+p^^ [n]q + f' 

, [n\q[min)\ [n],( 2 a + 1 ) 

£n i£2',q,x) = —- —X^ + -tt^^X + 


qiln]q+P)^ (M, + iS )2 iln]q+f})^' 
Lemma 1.2. i@/ The following relations are satisfied: 


L 


[k+l]q+c^a 

Mq+P 1 

dnt — 


X 


l2]qlk], + qHl+2a) 


Wq+P 


I [kl,,+y-^a \ ‘I 
\ Mq+r ) 


tdat = 


[ 2 ],(K+isr 


li+l],./. 

f - 


2 + 3a)[2], + Ip (1 + 3a + 3a^)q 

»rX±l ^ [3]qi[n]q + jS)3 


,2k 


Lemma 1.3. Ql Let e; = t’, where i = 0,1,2. For all x e R+, n e'N, a, f > 0 and 0 < q < l,we have 
£T'^\e()-,q,x) = 1, 

£T'^\ei-,q,x) = 


[n]q qil + 2a) 


[^]q + [ 2 ](|([r!]^ + f) 

_ [”]'?['”(")]? 2 + ‘?((1 + 3a)[2], + l)] + 3a + 3a2) 

” (^2; q, X) - + ^)2 ^ + ^)2 ^ + ^)2 • 


( 2 ) 


[3],(K + / 1)2 
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Remark 1.4. From Lemma il.3h we have 
a„(x) = - x; q, x) = 

5n{x) = - xf;q,x) = 


[n], 


[n]c, + jS 


- 1 X + 


q{[n]ci+^) 


+ 1 


qn{l + 2a) 
[2],i[n], + p)' 
2 [w], 

[n]c, + P 


/[M]<i[[3]q + q{{I + 3a)[2], + l)] 

2qil+2a) N 

(q^il + 3a + 3a^)'^ 

' (M, + iS)'[3], 

l2Mln], + p)r ' 

^ m,{[n], + p)^ '■ 


Remark 1.5. If we put q=l, we get the moment ofStancu type Baskakov-Kantorovich operators as 


£]\^'^\e2;l,x) = 


(n + f) 2(n + |3)' 
n m{n) 2 2n{a + 1) 1 + 3a + 3a' 


rX + 


(n +13)2 {n + jS)2 


X + 


3(n + /3)2 ' 


£*^‘^'^\t-x-,l,x) = I 


£T'^\{t - x)^; l,x) = 


in + f) 
nm{n) 


1 x + 


(n + /^r 


+1 ■ 


(1 + 2a) 
2(n + iS)' 

In 

‘ in + f) 


2w(l + g) _ (1 + 2a) 
(n + /3)^ (w + P) 


X + 


(1 + 3a + 3a^) 

3(n + p)^ 


2. Korovkiir type statistical approximation properties 

The idea of statistical convergence was introduced independently by Steinhaus Fast ill and 
Schoenberg The study of the statistical convergence for sequences of linear positive operators was 
attempted in the year 2002 by A.D. Gadjiev and C. Orhan flUl . Recently the idea of statistical convergence 
has been used in proving some approximation theorems. It was shown that the statistical versions are 
stronger than the classical ones. Authors have used many types of classical operators and test functions 
to study the Korovkin type approximation theorems which further motivate to continue the study. In 
particular, Korovkin type approximation theorems il^ was proved by using statistical convergence by 
various authors, e.g. 14 [hi. 1^ . In the recent years, Stancu type generalization of the certain 

operators and trigonometric approximation of signals by different types of summability operators have 
been studied by several other researchers, we refer some of the important papers in this direction as (M- 
iH) etc. 

Korovkin type approximation theory has also many useful connections, other than classical approximation 
theory, in other branches of mathematics (see Altomare and Campiti in 111 ]). 

Now, we recall the concept of statistical convergence for sequences of real numbers which was introduced 
by Fast (III and further studied by many others. 

Let K c N and K„ = [j < n : j e K]. Then the natural density of K is defined by d{K) = lim if the 

fl 

limit exists, where |K„| denotes the cardinality of the set K„. 

A sequence x = (xy)y>i of real numbers is said to be statistically convergent to L provided that for every 
e > 0 the set |; e N : \xj - L| > e) has natural density zero, i.e. for each e > 0, 

1 

lim -|{/ < n : \xj -L\> e}| = 0. 
nn ’ 

It is denoted by st — lim x„ = L. 

We consider a sequence q = {q„), qn e (0,1), such that 


lim qn = 1. 


(3) 
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The condition (|3]l guarantees that [n]^^ —> oo as n —> oo. 

Now, let us recall the following theorem given by Gadjiev and Orhan lll^ . 

Theorem 2.1. If the sequence of linear positive operators A„ : h] —> C[a, b] satisfies the conditions 

St - lim ||A„(ev; •) - evllcfefc] = 0, ev{t) = f for v = 0,1,2, (4) 

n 

then, for any function f e Cm{^, b], zve have 


St - lim WAnif) ■) - fWcia.b] = 0, 

n 


where b] denotes the space of all functions f which are continuous in [a, b] and bounded on the all positive axis. 
In @] Dogru and Kanat defined the Kantorovich-type modification of Lupa§ operators as follows: 


Rnif)q;x) = [n + l]^( r 
i:=0 ' 


[t+ll 

In+ll 


W 

« + l] 


mdf) 


{1-X + qx) • • • (1 - X + q"~'^x) 


(5) 


Dogru and Kanat |@] proved the following statistical Korovkin-type approximation theorem for operators 


Theorem 2.2. Let q {q„), 0 < q < 1, be a sequence satisfying the following conditions: 

1 

st - limfl„ = 1, sf - lima" = a {a <1) and st - lim —— = 0, (6) 

n n n [nj^ 

then if f is any monotone increasing function defined on [0, l],/or the positive linear operator R„{f; q) x), then 

st - lim \\R„{f; q; •) - /llc[o,i] = 0 

holds. 

In @] Dogru gave some examples so that (q„) is statistically convergent to 1 but it may not convergent to 1 
in the ordinary case. 

Theorem 2.3. Let be the sequence of the operators 0 and the sequence q = {q„) satisfies ®. Then for any 
function f e C[0, A] c C[0, oo), A > 0, we have 

sf - lim <?,•)- /II = 0, (7) 

n 

where C[0, A] denotes the space of all real bounded functions f which are continuous in [0, A]. 

Proof. Let e, = L, where i = 0,1,2. Using qn, x) = 1, it is clear that 

st - lim||X*^“'^\l;^„,x) - 1|| = 0. 

n 

Now by Lemma dl.SIl tiil, we have 

+ f [2],([n],+iS)- 

For given e > 0, we define the following sets: 

S^{k:\\j:Ji^’^\t-,qt,x)-x\\>e], 


lim \\L*„^“''^\t;q„,x)-x\\ = 


[nl 


q q{l + 2a) 

X + , , ,, , -- — X 


Mq + ji l'2-]q{ln]q + fl) 
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and 


S' = U : 




Wq + P [2]<|([A:], + 

It is obvious that S c S', it can be written as 

5({fc < n : \\V^“'^\t;qk,x) - x|| > e]j < 5^{k < n : 

By using ([6), we get 


)S , q(l + 2a) ^ , 

^ ,r,, -^ > e} 


Wq + P I2]q{[k]q + /I) 


st — lim 


|S q(l + 2a) 

-X + 


« \ln]q+^ [2]q{[n]q+P) 


= 0 . 


So, we have 


.11, . P , '?(l + 2a) 

o\\k<n: 77 -^- 7 ^ + 


> ^r}) - 0, 


then 


Wq + P [2]q{[k]q + f) 

St - lim\\£^}‘^'^\t;qn,x) - x\\ = 0. 

n 

Similarly, by Lemma dl.Sll liiiL we have 

[n]q[m(n)]q ^ [M]?[[3]q + q[{l + 3a)[2]^ + l)] ^2^^ + 3a + 3a^) 


\\Ln°‘’'^\f;qn,x)-x^\\ = 


<?(K+iS)^ 


'-x^ + 


[3],(K + ^)2 


-x + 


[3],(K + ^)2 


- X 


[n]q[m{n)]q 

+ 

[n]q[[3]q + q{{l + 3a)[2]q + 1)] 

A + 

q^{l + 3a + 3a^) 

qiln]q+P)^ 


[3],(K + iS)2 

[3],(K + ^)2 


( 8 ) 


-1 + 


[n],(2 + 3a) [n]q{q - {1+3a))\ q^(l + 3a + 3a^)\ 
(H + iS)2 + [3]q{[n]q + p)^ [3],([n], + /l)2 )' 


where = max(A^, A, 1) = A^. 
Now, if we choose 


a„-\^q 1|, 

_ [n]q{2 + 3a) [n]q{q - (1 + 3a)) 
iln]q+P)^ ^ [3],(H+/1)2 ' 
q^{l + 3a + 3a^) 

[3],(K + ^)2 ' 
then by we can write 

st - lim a„ = 0 = st - lim fin = st - lim y„ 


( 9 ) 


Now for given e > 0, we define the following four sets 

U={k:\\j:J)^'^\f-,qk,x)-x^\\>e], 

£ 

Ui^{k:ak> 
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Ui = {^-yk> ^l. 

It is obvious that Lf c Ui U U 2 U U 3 . Then, we obtain 
6((fc < n: qn,x) -x^\\> e}) 

< d({k <n:ak> ^}) + 5({k <n:Pk> ^}) + 5([k <n:yk> ^}). 


Using Q, we get 


St - lim \\£*^‘"’'^\f;q„,x)- 


= 0 . 


Since, 

\\£T'^\f;qn,x) - /II < \\£T'^\f-,q„,x) - x^ll + llXf- x|| + \\£T'^\v,qn,x) - 1||, 
we get 

St - lim ||X*“'^^(/; qn, x) - f\\ < st - lim \\£n‘^'^\f; qn, x) - x^|| 

n —>00 n —»oo 

+ sf - lim - ^11 

n—»oo 

+ St - lim \\£n“'^\l)q„,x) - 1||, 

n—*oo 

which implies that 

st-lim||i;f'^>(/;^j„,x)-/|| = 0. 

n—*oo 

This completes the proof of theorem. 


3. Weighted statistical approximation 


Let B^ 2 [ 0 , 00 ) be set of all function / defined on [0, 00 ) and satisfying the condition |/(x)| < Mf p(x), Mf 
being a constant depending on / and p(x) = (1 + x^) > 1 is called weighted function, it is continuous on 
the positive real axis and lim p(x) = 00 . By Cx 2 [ 0 ,oo), we denote the subspace of all continuous function 


/(x) 

belonging to 8^2 [0, 00 ). Also, C/ [0, 00 ) is subspace of all function / e €^2 [0, 00 ) for which lim - - is finite. 

IfWI 

The norm on C*^ [0, 00 ) is ||/||x 2 = sup 


X€[0,oo) 


1 + x^ ’ 


Theorem 3.1. Let q = {q„) be a sequence satisfying ® /or 0 < < 1. Then, for all non decreasing functions 

f e C *2 [ 0 , 00 ), zve have 


st-iim|ii:f'^)(/;^--)-/lU = o. 

n 


( 10 ) 


Proof. By Lemma (ll.3b (iiiL we have £*^“'^\t^; qn,x) < Cx^, where C is a positive constant, £n“'^\f; qn, x) is a 
sequence of positive linear operator acting from C *2 [ 0 , 00 ) to 5^2 [ 0 , 00 ). 

Using qn, x) = 1, it is clear that 

St- lim ||i:f'^>(l;<?„,x)- 111x2=0. 

n 
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Now, by Lemma jl.3b biL we have 


|3 q(l+2a) 

W-Cn {t-,qn,^)-A\r'^ = SUp -:-^-r + 


X6[0,co) 


1 +X 2 


[^]ij + P [2](j([m]^ + p) 


Using we get 


st - lim 


P ^ q(l + 2a) ^ ^ 


then 


” \[^]q P [2](;([m]^ + ^) 

st - lim qn, x) - xW^i = 0. 

n 

Finally, by Lemma (ll.3K iiiL we have 


\{[n]q+P)^ 7x![0,«)1+^' 


' [n]q[[3]ci + q[{l + 3a)[2], + l)] 

X 

7^(1 + 3a + 3a^)\ 

[3],(K+^)2 

1 . y2 ' 

X€[0,oo) -L 

mq{in],+pr j 




\i[n]q+P)^ 


[w]<;[[3], + q{{l + 3a)[2], + l)] 


/ q^{l + 3a + 3a^) 

\ mqiWq+Pr 


= I- -1 

[qn 


mqiWq+Pr 

\ / 

[n],(2 + 3a) [n]q{q - (1 + 3a)) s / ^2(1 + 3a + 3a7 \ 

{[n]q+pr mq{[n],+pr m,{[n],+p)^ j- 


If we choose 




_ ln]q{2 + 3a) [n],(^J - (1 + 3a)) 

iln]q+pr [3],(H+/1)2 ' 

q^{l + 3a + 3a^) 

[3],(K + ^)2 ' 
then by ®, we can write 

st - lim a„ = 0 = st - lim B„ = st - lim y„. 

n—>oo n—*oo‘ n—^oo 

Now for given e > 0, we define the following four sets: 
S = {k■.\\£*!^“'^\t^■qu,x)-x\^>e], 

51 = {k-.ak> |), 

52 = [k Pk> 

S3^\k:yk> |}. 


( 11 ) 
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It is obvious that S c Si U S 2 U S 3 . Then, we obtain 


6 ({fc < n: qn, x)-x^\\> e}) 

< 6[{k < n : at > |)) + 6[{k < n : jSt > |)) + 6[{k <n:yk> |)). 


Using ifTTll . we get 

st - lim \\£.*^“'^\f;qn,x) - = 0 . 


■00 


Since 



we get 



+ sf - lim \\£*}“''^\l;q„,x) - l\y, 


which implies that 



This completes the proof of the theorem. 

4. Rates of statistical convergence 

In this section, using the modulus of continuity, we study rates of statistical convergence of operator 
© and Lipschitz functions are introduced. 

Lemma 4.1. Let 0 < q < 1 and a e [ 0 , bq], b > 0. The inequality 



( 12 ) 


is satisfied. 


Let Cb[0, 00 ), the space of all bounded and continuous functions on [0, 00 ) and x > 0. Then, for 6 > 0, the 
modulus of continuity of / denoted by co{f; 6) is defined to be 


a){f;6) = sup |/(f) -/(x)|, f e [0,oo). 


\t-x\<b 


It is known that lim a){f; 6) - 0 for / e Cb[0, 00 ) and also, for any 6 > 0 and each f, x > 0, we have 


|/(f)-/(x)|<a;(/;b)( 



(13) 
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Theorem 4.2. Let {q„) be a sequence satisfying For every non-decreasing f e Cb[0, oo), x > 0 and n e N, we 
have 

\j:y\f;qn,x) - /(x)| < 2co{f-, ), 


where 


6„(x) = 


[n\q„[ni{n)]cf„ 2[n]<,„ 

+1 - 


qn{[n],„+pf ' ^ [n],„+Pj 

‘ [«]<;„[[3],„ + qn{{l + 3a)[2],„ + 1)] 2^?„(l + 2a) 




[2]<}„([w](j„ + P) 


q„{l + 3a + 3a^) 




[3],„(M,„+^)^ 


(14) 


Proof. Let non-decreasing / e Cb[0, oo) and x > 0. Using linearity and positivity of the operators and 
then applying llT3ll . we get for 6 > 0 and « e N that 

q„,x)- /(x)| < - /(x)|; qn, x) 

< coif, 6){£T'^\1; qn, x) + -^£T'^\\t - x|; qn, x)]. 

Taking Jf,l"'^\v,qn,x) = 1 and then applying Lemma <4.1b with a = ^ ~ 


can 


write 


\£:^“’^\f;q„,x)-f(x)\ < w(/;6){l + +/i) V 


/ [fc+l]^-HiJ^i 


r \n]q+p 

M-l+P ) 


t - x| dcjt 


1/2 


W,! 

[«]^+^ 'I 


1/2 


OO 

<w(/;6){l + i((H + /l)2]^, 

fc =0 


fe(A:-l)/2 ? 




[kV. 


[k+l]q+q'^LX 


1/2 


X 


CO 

((H + iS)E 

A:=0 


, / [k]q+c^ ^a\ 
ln]q+P ) 

. 1 / 2 , 






Taking q = (qn), a sequence satisfying ©, and using 6„(x) = £*^“'^^(^{t - x)^; qn, x^ and then choosing 5 = 6„(x) 
as in (IT^ . the theorem is proved. 

Observe that by the conditions in (|6), st - lim 6„ = 0. By dl^ . we have 


st - lim&;(/;6„) = 0. 


This gives us the pointwise rate of statistical convergence of the operators £n“'^\f', q,,, x) to f{x). 
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Now, we will study the rate of convergence of fhe operafor with the help of functions of fhe 

Lipschitz class LipMin), where M > 0 and 0 < a < 1. Recall thaf a fimcfion / e Cb[0, oo) belongs to LipM{ci) if 
fhe inequalify 

I/(f) - /(x)| < M|f - x|“; V f, X e [0, cx,) (15) 

holds. 

Now, we have the following theorem. 

Theorem 4.3. Let the sequence q = (qn) satisfy the condition given in and let f e Lipu{a), x > 0 with 0 < a < 1 
and M > 0. Then 

\Ly\f-, qn, X) - /(x)| < M 6 f (x), (16) 

where 6„{x) is given as in 

Proof. Since Jflf‘'^\f)qn,x) are linear positive operators and / e Lip^ia), on x > 0 with 0 < a < 1, we can 
write 


\£T'^\f-,qn,x) - /(x)| < - f{x)\;q„,x) 




<M£:^^'^\\t-xr,qn,x). 


Now, we take P = j,q= applying Lemma IDTl and Holder's inequality, we obtain 




\£T'^\f-,qn,x) - /(X)| < M ([«], + ^ 


A:=0 


/ lk+l]q+c/^a 


[k]f 


,(2-a)/2 


C [n]q+fi , 2 C 1 

I t k ^ ^f - x| dof I dflf > 
wuf j wu? j 

CO T^k / ± / w [A:+l]^+t^a 

k=0 '■ ) 

; m{i + '''^((f - xf-qn,x)j'\£:!f^'^\l-,q„,x)j'^^. 


Taking 6 „(x) = - x)^; xj^ as in (IT4t . we get 

|Xf'''X/;^«,x)-/(x)|<M6f(x). 

Thus, the proof is complete. 


5. The construction of the bivariate operators of Kantorovich type 

The aim of fhis part is to construct the bivariate extension of the operator ||2]l, introduce the statistical 
convergence of fhe operafors fo fhe function / and show the rate of sfatistical convergence of fhese operators. 

/:C([0, oo) X [0, OO )) - c ([0 , oo) X [ 0 , oo)^ and 0 < q^, qn 2 ^ 1/ let us define the bivariate case of operator 
© as follows: 
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■Cn“;nl{f-,qm,qn2,X,y) = ([Mi],„j +P)(ln2]^„^ + jS) 

X L L 


Mh-W2 


ki =0 k2=0 


Ihl 


I 


n\« 

+/J n 

--il 


I?nr 

l*: 2 +l]i)n 2 +‘ln 2 
1 '' 2 J‘J «2 

t,-l 


[fc 2 ] 


I?n 2 ‘ 


\ I /" l<:2]ln2+‘In2 “1 

7 [« 2 li)n 2 +^ / 




'^«2 


s. 


(17) 


In @], Erku§ and Duman proved the statistical Korovkin type approximation theorem for the bivariate 
linear positive operators to the functions in space 

Recently, Ersan and Dogru |@] obtained the statistical Korovkin type theorem and lemma for fhe 
bivariafe linear positive operators defined in the space as follows 


Theorem 5.1. Qj Let tDn^^m sequence of linear positive operator acting from H„J 2 (]R+) into Cb(]R+), where 
]R+ = [0, oo). Then, for any f e 

St - lim || 2 )„i,„ 2 (/) - /II = 0. 

n\,n2 

Lemma 5.2. The bivariate operators defined in i@/ satisfy the following : 


(z) !Dni,n2 (/O/ ^ni/ ^n2f y) “ ^ni^n2/ 

, 22 ^^ ^r..^ 

{ll)2)m,n2(hf^nif^n2f^fy) — ^ni(^n2T 1 + y' 

I- 1 

[W2](;„ y 

{Hi) tD„^ „^{f2’,qni,qn2fX,y) = ‘?ni ‘?«2 r ,11 1 , / 

[to + 1],„21 + y 

^ ^ ,2- 3 [to]^„Jto - 1]^„J x2 [Wl]<j„j X 

{iv)Dn2,n2{f3-,qn2,qn2,x,y)-q„^qn2 [n, + {l + x){l + qn,x)^'^"^‘^"nni + l]\ (1+x) 

[to],„. 


, [to]<j„Jto - 

+ 7niyn2' 


y 


y 


[ni +(1 + y)(i + y« 2 y) ' [to +1]\, i + y' 

In order to obtain the statistical convergence of bivariafe operator |[T7[| , we need the following lemma. 
Lemma 5.3. The bivariate operators defined in iTTi satisfy the following equalities: 

‘^n\,n2{^^'q^i'q^i^ X/y) 1 / 


~ni,n2 


p*{a,f,) f . [^l]<7n2 ^ (1 + 2n) 


[«!],„,+/ [ 2 ],„/[to],„,+iS)' 

„.(a,/5), , ["2]?»2 z?„2(l + 2a) 

L„,,n2{e2,qn2,qn2,x,y)- +^y+ [2 ],„^([u2],„^ +/)' 

['^lijn [j«(w)]q [w]q [[3]q + y„,((l + 3a)[2]^ + l)j (1 + 3a + 3a^) 

-i-2- -X + —i^ 


A,«2 {es,qn2,qn2,x,y) - + ^^2 


[3],„/[n],„^ +ff 


[3],„/[«],„, +/)2 


[n\q„^[m{n)\ [«]<? [[3], + y„ 2 ((l + 3«)[2], + 1)] q^ (\ + 3a + 3a^) 

----H---- y H--- 

_L «^2 m /Fi^l J- ft^2 ^ r':^! _L «^2 ‘ 


(M,„ 2 +iS)^ 


[3]ij„2([w](;„2 +/) 


[3],„,(H„,+/)2 
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Proof. The proof can be obtained similar to the proof of bivariate operator in |@] . So, we shall omit this proof. 


Let q - (qm) and q - ((jnJ be the sequence that converges statistically to 1 but does not converge in 
ordinary sense, so for 0 < q„^, q^ ^ 1/ h can be written as 

si - limfl„j = si - limfl „2 = 1. (18) 

Jl2 

Now, rmder the condition in ifTSll . let us show the statistical convergence of bivariate operator (flTt with the 
help of the proof of Theorem [ZS] 

Theorem 5.4. Let q = (q„^) and q = (qn^) be sequence satisjying for 0 < q„^,qn 2 ^ 1/ let be sequence 
of linear positive operator from C{K) into C{K) given by HTTi . Then, for any function f e C(Ki x Xi) c C{K X K) and 
X e Ki X Ki c KxK, where K - [0, oo) x [0, oo), Ki = [0,^4] x [0,^4], we have 

St - hm II - / \\c(K 2 xkp= 0. (19) 

ni,n2 

Proof. Using Lemma (15.311 . the proof can be obtained similar to the proof of Theorem l2.3l So, we shall omit 
this proof. 


6. Rates of convergence of bivariate operators 

Let X = [0, oo) X [0, oo). Then the sup norm on Cb(X) is given by 

11 / 11 = sup \f{x,y)\, feCsiK). 

(x,y)eK 

We consider the modulus of continuity co(f; 61 , 62 ), where 61 , 62 > 0, for bivariate case given by 

M{f-, 6 i, 62 ) = {sup\f{x',y')- f{x,y)\: {x',y'), {x,y) e X and \x' - x\ < 61 , ly' - y| < 62 ). (20) 

It is clear that a necessary and sufficient condition for a function / e Cb(X) is 

lim co(f; 61 , 62 ) = 0 
61,62^0 


and co{f; 61 , 62 ) satisfy the following condition: 

|/(x',y') -/(x,y)| < a)(/; 6 i, 62 )(l + ^^)(l + 


( 21 ) 


for each / e Cb(X). Then observe that any frmction in Cb(X) is continuous and bounded on X. Details of 
the modulus of continuity for bivariate case can be found in |j 2 |. 

Now, the rate of statistical convergence of bivariate operator (flTll by means of modulus of continuity 
in / e Cb(X) will be given in the following theorem. 

Theorem 6.1. Let q = {q„^) and q = {qnf) be sequence satisfying (fl^ . So, we have 

\-Cn“;nl(f;qm,qn 2 ,x, y) - fix, y)| < 4a;(/; xjbnfx), xjbn^iy )), (22) 

where 


( 


6nfx) = 


[ni]^„,[m(ni)]q„^ 

\vi 


+ 1 - 


2[ni] 


^”1 


+/) 


[[3]ij„j + ‘l«i((l + 3a)[2]q^^ + l)j 

2qnfl + 2a) 


[ 2 ]ij„j([«i]q„j +/) 


( 


qlfl + 3a + 3a^) 


( 23 ) 
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^niiy) — 




^«2 


^?«2([W2],„, +^) 

\t1 


+ 1 


2 N] 


^n2 


([W2]q„2 + p) 


\ 

{ rP- 


[[3],„^+y„,((l + 3a)[2],„^ + l)] 

2 y„ 2 (l + 2 a) 


[ 2 ]^„ 2 ([« 2 ]<|„j +f) 


qi^{l + 3a + 3a^) 

[3],„2([«2]^„2 +Pf 

Proof. By using the condition in (l2T]l . for > 0 and n e N, we get 

y) - y)\ 

^ ■Ch“;nl{\f{^', y') - fix, y)|; q^.q^.x, y) 

< «(/; 6 „, (x), (/o; qn^qn^, x, y) + - x|; qn„qn^,x, y) j 

X y«i, <?n 2 / y) + - yl; qn^,qn^,x, y)j 

If the Cauchy-Schwarz inequality is applied, we have 


(24) 


x; 


- ^1;y) ^ qn^q^,X, y)j q^,X, y)j . 


So, if it is substituted in the above equation, the proof is completed. 

At last, the following theorem represents the rate of statistical convergence of bivariate operator iflTt 
by means of Lipschitz LipMi<X\, 0 C 2 ) functions for the bivariate case, where / e Cb[ 0, oo) and M > 0 and 
0 < ai < 1 , 0 < a 2 < 1 , then let us define LipM{ai, a 2 ) as 


I fix', y') - fix, y)\ < Mix' - xr' |y' - yr^; V x, x', y, y' e [0, (x,). 


We have the following theorem. 


Theorem 6.2. Let q = iq„^) and q = iq„^) be sequence satisfying the condition given in and let LipMioci,a 2 ), 
X > 0 and 0 < ai < 1, 0 < a 2 < 1. Then 


\Jit:nlifi qnuq>n,x, y) - fix, y)\ < M bZ'\x) b7j\y), (25) 

where bnfx) and ^^^(y) are defined in (l23l l, (l24l >. 

Proof. Since -C*}“^!!lif',qnuqn 2 ,x,y) are linear positive operators and / e Lipuiai, a 2 ), x > 0 and 0 < ai < 
1,0 < 02 < 1 , we can write 

qm,qm,x, y) - fix, y)| < ^n^f^Hfix', y') - fix, y)\; q„„ q„^, x, y) 

< ML*lf^;^li\x' - x|“Hy' - yV^-,qnuqn 2 ,x,y) 

= (|x' - x|“h y«i/ y) Jfn“;!}i\y' - yl“h qm,qm, X, y). 
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If we take pi = —, P 2 = 

r ^ ai' r ^ aj 


I 

\^ni,n2 


if '/ ^n\f y) 


“ 2 ^' ^2 = 2 ^' Holder's inequality, we obtain 

, \ai/2/ ,(2-ai)/2 

- fix, y)\ < \£niJ^^{(x' - qn„qm,x, y)j [£^“i^ifo; q^, q^, x, y)j 

/ \ ^2/2 / V (2-a2)/2 

X ((y' - y)“"; qm,qn2,^, y)] [£^“^^ifo;qm,qn2,x, y)j 


= Md^i\x)b7j\y). 


Which is the required result. 

Conclusion 

Our proposed family of integral operators are generalization of summation-integral type operators. 

The results established here are more general rather than the results of any other previous proved lemmas 
and theorems. The strong convergence in weighted spaces is highlighted and Bivariate generalization also 
established for said operators. Some special cases are also considered. Problems considered in this paper 
may open further research opportunities in these fields. The researchers and professionals working or 
intend to work in the areas of analysis and its applications will find this research article to be quite useful. 
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